We introduce a new concept of convexity that depends on a function F : R × R × R × (0, 1) → R satisfying certain axioms. The presented concept generalizes many kinds of convexity including ε-convex functions, α-convex functions, and h-convex functions. Moreover, some integral inequalities are provided via our notion of convexity.
Introduction
Convexity is an important concept in many branches of mathematics, pure and applied.
In particular, many important integral inequalities are based on a convexity assumption of a certain function, such as Jensen's inequality, the Hermite-Hadamard inequality, the Hardy-Littlewood-Pólya majoration inequality, Petrović's inequality, Popoviciui's convex function inequality, and many others. For more details as regards inequalities via convex functions, we refer the reader to the monograph [] . However, for many encountered problems, convexity is not satisfied. This leads to the necessity to extend this concept.
In the last  years, great attention has been focused on the generalization of the notion of convexity. Let us cite some references in this direction. In In this paper, we present a new concept of convexity that depends on a certain function satisfying some axioms. This new notion generalizes different types of convexity, including ε-convex functions, α-convex functions, h-convex functions, and many others. Moreover, some integral inequalities are established via this new notion of convexity. As particular cases, we retrieve several existing inequalities from the literature.
An implicit convexity concept
We denote by F the family of mappings F : R × R × R × (, ) → R satisfying the following axioms:
where T F,w : R × R × R → R is a function that depends on (F, w), and it is nondecreasing with respect to the first variable.
where L w ∈ R is a constant that depends only on w. We introduce the new concept of convexity as follows.
, be a given function. We say that f is a convex function with respect to some F ∈ F (or F-convex function) iff
The following property follows immediately from (.).
Proof Taking x = y in (.), the desired inequality follows. Now, we give some examples of F-convex functions.
Example . Let ε ≥ , and let f :
Define the function F :
where
Therefore, axiom (A) is satisfied with
Thus we proved that F ∈ F . On the other hand, since f is ε-convex, for all (
As a consequence, f is an F-convex function.
Remark . Taking ε =  in the above example, we observe that any convex function
is an F-convex function with respect to the function F :
Thus we proved that F ∈ F . On the other hand, since f is α-convex, for all (
Therefore, the function F satisfies axiom (A). Now, let u ∈ L  (, ), w ∈ L ∞ (, ), and
Then the function F satisfies axiom (A). Now, let (w, u  , u  , u  ) ∈ R  and u  ∈ (, ). We
Thus we proved that F ∈ F . On the other hand, since f is h-convex, for all (
Integral inequalities involving F-convex functions
Some integral inequalities via F-convex functions are presented in this section.
we obtain
Using axiom (A), we get
On the other hand, we have
Therefore,
which proves (.). Again, since f is an F-convex function, for every t ∈ (, ), we have
Using axiom (A) with w ≡ , and integrating over (, ) with respect to the variable t, we obtain
that is,
which proves (.).
Remark . Note that in the proof of Theorem ., we used only the axioms (A) and (A). So, Theorem . holds true for any function F satisfying (A) and (A).
The following lemma will be useful later (see [] ).
Lemma . Let f
We have the following result.
Theorem . Let f : I
Multiplying this inequality by w(t) and using axiom (A), we get
Integration over (, ) with respect to the variable t and using axiom (A), we obtain
On the other hand, from Lemma ., we have
Since T F,w is nondecreasing with respect to the first variable, we deduce that
Another similar result is given by the following theorem.
Using axiom (A) with w ≡ , and integrating over (, ) with respect to the variable t, we get
On the other hand, using Lemma . and Hölder's inequality, we obtain
Since T F, is nondecreasing with respect to the first variable, we obtain
which proves (.).
Particular cases
As consequences of the presented theorems, we obtain in this section some integral inequalities for different (and independent) kinds of convexity.
The case of ε-convexity
We have the following Hermite-Hadamard inequalities for ε-convex functions.
Proof From Example ., we know that an ε-convex function is an F-convex. Using (.) and (.) with w ≡ , we have
and
So, applying Theorem ., we obtain the desired result.
Taking ε =  in Corollary ., we obtain the following standard Hermite-Hadamard inequalities for convex functions.
Proof Using (.) with w(t) = | -t|, we obtain
Using (.) with w(t) = | -t|, we obtain
On the other hand, simple computations yield
Therefore, we have
Now, by Theorem ., we have
which proves the desired inequality.
Taking ε =  in Corollary ., we obtain the following result (see [] ).
The case of α-convexity
We have the following Hermite-Hadamard inequalities for α-convex functions. Proof From Example ., we know that an α-convex function is F-convex. Using (.) and (.) with w ≡ , we have
So, applying Theorem ., we obtain the desired result. 
